
・Obtain convergence rates
・Other algorithms (second-order, Sinkhorn, ...)
・More applications?

Future Work

Motivations
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・What does gradient descent do for unbounded objective functinons?
・What is the gradient descent limit of unscalabe operator scaling?

(        : positive definite, det = 1) Special case of non-commutative optimization [BFGOWW'19]

Maximal vanishing subspaces emerge!
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        Gradient Descent for Unbounded Convex Functions on 
Hadamard Manifolds and Its Applications to Scaling Problems

General Theory: Unbounded Case in Convex Optimization

Main TheoremGradient Descent:

(Euclidean:                                           )

       Hadamard manifold (i.e., complete, simply-connected, curvature        )
                   geodesically convex (i.e., convex along any geodesic) &     smooth

Setting: Geodesically Convex Optimization Exponential map is diffeo.
(Cartan−Hadamard)

Question: What can we obtain from 
                    when    is lower-unbounded?

Suppose

: asymptotic slope

Technical Tools:

Strong duality (new purely math statement)

Gradient norm is minimized.  Divergence behavior characterization:
converges to the minimizer of

Recession Function [KLM'09, Hir'24]Cone Topology (compactification)

Minimizer of 

tangent space

point on
= limit of geodesic

Application: Operator Scaling

Operator Scaling [Gur'04, AGLOW'17]
Given                                                     ,
can one make                                   doubly-stochastic with                   ?

   (    )doubly-stochastic                                                               .
: Kraus operators of a CP map 

def.

Unscalable                                                  a vanishing subspace exists:

(for all    )
unitary

: gradient descent
: eigenbases of

Our Result
   Gradient descent for unbouded        gives a 
   simultaneous block-triangular form:
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