Motivations

* What does gradient descent do for unbounded objective functinons? arXiv link:
« What is the gradient descent limit of unscalabe operator scaling?

M : Hadamard manifold (i.e., complete, simply-connected, curvature < 0)

(Euclidean:xiﬂ =x; — Vf(ll)/L)

Technical Tools:
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General Theory: Unbounded Case in Convex Optimization

Setting: Geodesically Convex Optimization /-. Exponential map is diffeo.
f : M — R:geodesically convex (i.e., convex along any geodesic) & L-smooth

Gradient Descent: Main Theorem s ong duality (new purely math statement) M™ winimizer of />
Li4+1 = €XPg, (—Vf(fl?,)/L) lim ||V f(z,)| = 12{4 IV f(@)| 1 sup —f(€) = —f> (vlim xl) M g
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Gradient norm is minimized. Divergence behavior characterization:
(z;) converges to the minimizer of />

Cone Topology (compactification) Recession Function [KLM'09, Hir'24]

Question: What canwe obtain from (z;) point on M >
when f is lower-unbounded? = limit of geodesic

(Cartan-Hadamard)
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fa(z,y) = log Z Tr CL‘AkyAL ( x,y: positive definite, det = 1) Special case of non-commutative optimization [BFGOWW'19]
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Application: Operator Scaling
A= (A1,...,An): Kraus operators of a CP map p+ Y ;. AkpAL
(e-)doubly-stochastic <& S, A, Al ~. I, ¥, AL A, ~. I.

Operator Scaling [Gur'04, AGLOW'17]
GivenA = (Ay,...,Ay) € CN(xn),
can one make gAh' := (gA;hf,...)doubly-stochastic with g, h € GL,,?

dimX +dimY >n+1
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UAVT = X U,V : unitary

(for all k)
Y
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Unscalable <= inf ||V f4] > 0 <= avanishing subspace exists:

Our Result
Gradient descent for unbouded fA gives a
simultaneous block-triangular form:

U ARV, =

U;,V; : eigenbases of (x;, y;) — O
(24, y;): gradient descent

Maximal vanishing subspaces emerge!
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