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Usual Convex Optimization Unbounded Convex Optimization

Convergence Divergence
Meaningful! Meaningless?
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Gradient Descent (GD) for Unbounded Convex Function
— Converges to a Specific Point at Infinity

Main Theorem

M': Hadamard manifold
f: M — R, convex, L-smooth, inj\g[ IVf(z)| >0

in cone topology

lim |V£(20)] = inf |94(2)] = sup (&) = ~f~ (lim 1)
71— 00 XE é'eMoo 1—>00

Tis1 = exp,, (-V f(zi)/L)

* New even in M = R? case
¢ Application: Geometric Invariant Theory
* 1; — £*: destabilizing 1-PSG
® |eft-right action: GD limit of operator scaling
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Hadamard manifold M
Riemannian manifold s.t.

e complete

e simply-connected } CAT(0)

e sectional curvature <0
Examples: R™ (Euclidean sp.), H" (hyperbolic sp.), P, (n xn p.d. Hermitian matrices)

» Unique geodesic between Vz,y ¢ M
= Any geodesic can be extended infinitely — Exponential map

Exponential map »
exp, (tu) := “point at distance ¢ along geodesic toward u" ;’o—ﬂ
tu

(teR,ueS, = (veTy | fv] = 1}) o




Geodesically Convex Optimization

Geodesic Convexity
M : Hadamard manifold

f:M - R is convex / L-smooth
:<= fovy:R - Risconvex / L-smooth (v: any geodesic)
= V2f(2) 20 /[ |[Viflop<L (YzeM)

5/29

Gradient descent
Tiv1 = exp,, (-hV f(2;)) (h > 0 : step-size)

® L-smooth = h:=1/L (or less)
e 3 optimum = z; — optimum (e.g. [Zhang and Sra, 2016])




Boundary—Points at Infinity (See e.g. [Sakai, 1996]) 6/29

Fix zo € M Boundary

Cone topology: compactification M u M >

* VzeM : x=exp, (tu) (Fu € Sy, t € RY)
° V&e M>: £ = exp, (cou) (3ueS,,)

= M = Sy (= {v e Toy | 0] = 1})
* Independent of z,




Recession Function—A Tool for Unboundedness 7/

f:M - R: convex

Recession function [Kapovich, Leeb, and Millson, 2009; Hirai, 2022+]

Oy, = *
£(9) = Jim 1P 00)) ( M)

u < &

Independent of g =— f~: M> > Ru{oo}

Generalization of Euclidean case (e.g. [Rockafellar, 1970])

Obs: &i]r\l/ffm o) <0 = ;g&f(m) =-00

Prop: « inf f=(§) <0 <> inf |7 /()] >0

e inf f*(£) <0 = 3! &* = argmin f* [Kapovich, Leeb, and Millson, 2009]
EeM > EeM >
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infoen [V £ (2)] >0

Lemma (Weak duality, this work)
inf |V f(2)[ 2 sup —f*(¢) J
e §EM°°

Proof: Vx e M,{ e M,

(€)= i LORLD S @) SO0V 1) _ 010y 1y 155
o)
oo e

» Strong duality (equality)? — Achieved at the limit of GD
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M: Hadamard manifold
f: M — R: convex, L-smooth
{x;}: gradient descent, step-size <1/L

Theorem (this work)
If inf [V f(z)]>0,

e inf |Vf(z)|| = sup —f*(§) (strong duality)
zeM EeM>

® x; > £* in cone top. (£*: minimizer of f*)

* [Vf(z)| — inf [VF(z)]

e HmIvA(@)] = inf [95(@)] = sup ~f(€) = (tima:)
1—>00 S EEMOO 1—>00

® No theoretical convergence rates
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New even in M = R? case:

Theorem (Euclidean case)

f:R¢ > R: convex, L-smooth, inf, g |[Vf(z)[ >0
Tiv1 =T — Vf(x:)/L

Gradient vector converges to the minimum norm point in V f(R9):

lim V f(z;) = argmin | p|
e peV f(RY)

Remark:
Strong duality is obtained by f>(u) = sup,cy fga) (4, ) (e [Rockafellar, 1970])
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step-size h:=1/L

Lemma
* [Vf(zia)l < [VF(zi)] (well-known)
2
* f(mi1) - fx;) < —w (descent lemma, this work)
Remarks:

Vi)
2L
[Vf(@:)|? + [V f (i) |
2L

e Well-known f(z;.1) — f(z;) < : useless in unbounded case

* M =TR%case: f(x;1)— f(x;) <-
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Tz—y. geodesic parallel transport
(gradient) — (gradient) = [ (Hess)-(vector):
! 2 (N
Tziﬂ—»zivf(xﬂl) = Vf(xz) + f T 2Nz vef (.’Bz )Txi_m(g) (—Vf(:c,)/L) dA

(1 [ e T () o)

= B,V f(x;)
B> 0,|Biloy < 1

(xg)‘): A: (1-)) dividing point of Z;Z;,1 (a:Z( ) - =TT 1(3 Ti1))



Proof of Lemma 13/29
Twi+1—>$ivf(xi+l) = BZVf(CL'z) (Bl z O, HBZ HOP < 1)

 [VF@i) | = [ Tais 0V (@ii1) | < [ Billop |V (i) | < [V £ (@)

o fxi1)— f(x;) = [)1 (—Vf(wi)/L,T . Vf (z?‘)))d)\ (integral along geodesic)

:L'i —x;

<=V f(zi)/L,To; 12,V [ (Zir1)) (convexity)
=—(Vf(=:), BV f(z:)) L (above equation)
<—(Vf(x:),B;B;Vf(z;))/L (B; > O, | Bi|lop < 1)
= |V Tiow f (@ii1) [/ L (above equation)
=~V f (@) |?/L (74yPreserves norm)

Lemma (review)
o |Vf(@u)l < [VF(zi)]
. 2
* f(zi1) - fz:) < _w
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Z_lim —(f(z;) = f(x0))/i = Z_lim fz) = f(zi41) (Cesaro mean)
> 1im IV f(z:)]?/L (descent lemma)

> (lm V@) /L) inf 19| (I (@)l < [V (@0)])

(hm Zd(:cj,xﬁl)) inf |Vf(z)| (GD, Cesaro mean)

i—>00 1{ =0
> (hm d(wi,xo)/i) sup —f< (&) (tri. ineq. / weak duality)
1—>00 é‘eMoo
f(@:) - f(@0)

On the other hand, lim - < sup —f7(§) (def. of =)
imo d(Zi,T0)  geMo

Therefore, all inequalities are actually =. Especially:

.hmf(ml) f( 0)_ nff (5):>xl_)§

i»oo  d(xi,x0) geM>

* lm |[Vf(zi)| = inf |[Vf(2)]= sup —f=()
71— 00 Tre £€M°°
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@® Applications: Scaling Problems and Geometric Invariant Theory
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Matrix scaling problem [Sinkhorn, 1964]

Input: AcRZ%"
Find: Positive diagonal R,C s.t. RAC is doubly stochastic:

[(RAC)1-1| <e, [(RAC)'1-1|<e

Applications:
Markov chain, computational linear algebra, optimal transport + entropy regularization, ...

Algorithm: Sinkhorn iteration

Repeat:
1. Update R s.t. (RAC)1 =1 (row scaling)
2. Update C's.t. (RAC)™1 =1 (column scaling)
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Thm. Scalability [Knopp and Sinkhorn, 1967]

Ve >0, 3R,C s.t. [(RAC)1-1|<¢,|(RAC)'1-1|<e
<= A has no Hall blocker:

permutation P,Q s.t. PAQ = 1X|+]|Y]|2n+1
X

Unscalable case:
Sinkhorn iteration can find a Hall blocker [Hayashi, Hirai, and Sakabe, 2022+]



Opeartor Scaling 18/29

Operator scaling problem [Gurvits, 2004]

Input: A:=(Ay,...,Ay) e CNn)
Find: g,h € GL, s.t. gAh' is doubly stochastic:

<€,
F

<€ (I : identity)

F

N
1;1 gAhThALgt - T

N
Z hA};ngAkhT -1
k=1

Related to:

* noncommutative Edmonds’ problem [Garg, Gurvits, Oliveira, and Wigderson, FOCS'16;
Ivanyos, Qiao, and Subrahmanyam, 2017]

® Brascamp-Lieb inequality [Garg, Gurvits, Oliveira, and Wigderson, STOC'17]

Scalability problem: Special case of null cone membership problem in GIT




Null Cone Membership Problem 19/29

G < GL,(C): reductive algebraic group
7 : G - GL(V): rational representation (V: finite dim.)
veV: given
* Null cone membership problem: Determine whether 0 € 7(G)v

e stable : <— 0¢ 7(G)v

|

Appears in computational algebra, quantum information, statistics, functional
analysis, etc... [Biirgisser et al., FOCS'19]
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Noncommutative Optimization [Biirgisser et al., FOCS'19]
minimize F,(z) =log(v,m(x)v) = 2log||w(g)v| (z=g'g)

e F,: Convex on Hadamard manifold P, n G (Kempf—Ness function)
. ir;fFv(ac) >-00 <= 0¢7(G)v

Algorithms:
e Gradient descent [Biirgisser et al., FOCS'19]
* Box constrained Newton's method [Biirgisser et al., FOCS'19]
® |nterior-point method [Hirai, Nieuwboer, and Walter, FOCS'23]
K < G: maximum compact subgroup of G
K\G ~ P, nG: quotient set

P,: n xn positive definite Hermitian matrices
(e,@),] ®|: invariant under K
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Thm. Unstability (Kempf-Ness, Hilbert—Mumford)

(e.g. [Georgoulas, Robbin, and Salamon, 2021])

The followings are equivalent:

(a) ifFy(e) =00 (<= 0cm(G)o)

(b) inf [VE,(z)] >0

(c) 31-PSG t ~ etH s.t. lim;, o 7 (e!H) v = 0 (destabilizing 1-PSG)

v

Q: Given an unstable input, can we find a destabilizing 1-PSG (in polynomial time)?

Known: Operator scaling case — Yes (later)

c.f. Strong duality = Moment-weight inequality in GIT
(e-g. [Georgoulas, Robbin, and Salamon, 2021])
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Q: Given an unstable input, can we find a destabilizing 1-PSG (in polynomial time)?

Our result: GD limit = destabilizing 1-PSG

© Conceptually new approach
® Finite iterations of GD # destabilizing 1-PSG
== We need GD + rounding
Unknwon: rounding in general?
complexity?
Known: rounding in opeartor scaling case [Franks, Soma, and Goemans, SODA'23]
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Left-l'ight action [Garg, Gurvits, Oliveira, and Wigderson, FOCS'16]

G=SL,xSL,

V= (CN(nxn)

(A1,...,An) €V

7w(g,h)(As,...,Ax) = (gA1ht,...,gANhK): left-right action

(un)scalable in operator scaling < (un)stable in left-right action

c.f. Left-right torus action

T, ={g € SL, | g: diagonal}
G=T,xT,

V = Crxn

m(g,h)A = gAht

(un)scalable in matrix scaling <= (un)stable in left-right torus action
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Kempf—Ness function:

N
Fu(z,y) =log Y tr zAwyAl  (2,y€ P,nSLy,)
k=1

Algorithms (stable case):
e operator Sinkhorn [Gurvits, 2004]
¢ gradient descent [Kwok, Lau, and Ramachandran, FOCS'19]

Open problem: Operator Sinkhorn limit in unscalable case [Garg and Oliveira, 2018]

Our result: GD limit = simultaneous block-triangular form\

Matrix scaling: Sinkhorn Limit = block-triangular [Hayashi, Hirai, and Sakabe, 2022+]



Unstability Certificate: Vanishing Subpace

Destabilizing 1-PSG ~ Vanishing subspace:

UA,V = U,V: unitary
(for all k) x dim X +dimY >n+1
Y
Algorithms:

* Wong sequence [lvanyos, Qiao, and Subrahmanyam, 2018]
* modified Sinkhorn iteration [Franks, Soma, and Goemans, SODA’23]
® submodular optimization [Hamada and Hirai, 2021]

25/29
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(generalized) Dulmage—Mendelsohn decomposition [Hamada and Hirai, 2017]

1 dim X
«

U*ApV*t =
(for all k)

>
o—>

Figure of (dim X,dimY’) Corresponding DM decomposition

¢ Finest simultaneous block-triangular form
e Contains multiple maximal vanishing subspace



Gradient Descent Limit for Operator Scaling 27/

Theorem (this work)
{(zi,y:)}:: GD, step-size < 1/2
{xi = oldiag pio; (p° : nondecreasing) | o AkTiT =

y; = 7] diag ¢'7; (¢ : nonincreasing) (for all k)

0. Atl - coarse DM decomposition
(linear convergence)

e Coarse DM decomposition: Unite blocks with same slopes (#col. / #row)

e divided subspaces = special case of Harder—Narasimhan filtration
of quiver representation [lwamasa, Oki, and Soma, 2024]
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® Conclusion
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e Gradient descent for unbounded convex function on Hadamard manifold

® Strong duality is achieved at the limit of GD
* Convergence to the minimizer of recession function (at infinity)

e Application to GIT

® Gradient descent limit = destabilizing 1-PSG
* Operator scaling (left-right action): simultaneous block-triangular form

e Future works

* Convergence rates
® Rounding in general

Message: Unbounded convex optimization is meaningful problem!
New possibility to find a destabilizing 1-PSG in general!

Please check our arXiv! arXiv: 2404.09746
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