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13-1 Tensors (generalizes to d= -tensors

t = (tijk)e("Ch Chi Fmatrices

↓ dd

(AoBoct)ijk"= I AirBij C tijk
i'jik'

· St : "t restricts to s
.

"

E
= A, B , C 9 = (AoBeCIt

↑symptotic restriction : St gNM2 +* (m+ o(m))

· Captures a symptotic (sublank of tensors

· Quantum resource theory
2g . GHZ W

. Why ? We will see later .



Asymptotic spectrum of tensors (Strassen
,
180 , 1

* : set of $ : Fall 3 tensors] - ↑ satisfying

↑.
· Set => ↑ (s) = &(t):

& EX : "Spectral point" &

Thm
. (Stressen sof . Sit #&EX

,
$(51 = 614

Only known spectral points : Quantum functionals (next pages)



One-body marginals

Flatterins:Fi
Mc(t1 : = - (1)

+
+4)/It) E PSD (2)

, trun(t) = 1.

Similarly, M2(t) < PSD (M2), My ( +)E PSD (13)

In quantum information :

- : pure state on
3 particles

Mc (+ ), N2(t), My (t) : single - partite marginals



Entanglement polytope(Walter et al . ' 14)

((t) : = ((x(M, (s)), X(Mc(s)), 1) My(s)))/seal- + >

(GL : +:= (AoBoc) +, A . B, CEGL)
Thm

.

(Kirwan'84 .
Ness- Mumford'84 , ...)

& (t) is a polytope
Connections
-

· All is GL-orbit invariant
· Quantum marginal problem : determine Xz Alt ?

& + : generic
· Generalizes to other representations - Moment polytope



& nautum functional (Christand , Vrana
,

Zuiddam18)

Fix 0 = (01, 02
,
03) (0 : 20, 0 :

= 4)

· Ep .(t) : = max 0
: H(xi)

(xc , X2 ,xi) A(t) i= 1 - Shommon entropy

= Sup holsI (h0(si := 50 : H(M : (s()
SEGC : t T

ron Neumana entropy

· Fo(t) : = -E0t) < quantum functional

Thm /Christandl , Urana
,

Zuiddam18)

Vo
,
Fo is a spectral pointli . e., Fox)

· If 020
,

then Folt = ninens* (1/1
.

1/nc
,
1/ng) -Wit

,



& vantum functional computation

Want to compute : Eolt
= max [PiH(i)=u ho(s)
(X

,
X-
,
X))EA(+ /

No efficient algorithm has been known

Concave maximization over a polytope ... easy ???

Difficulties:

· Alt is very complex .

· Computation of Alt) Cran den Berg et al,25)

is only practical up to 4x4x4 tensors.



Entropic tensor scaling algorithm
Want to compute : Eolt)

= max 50 : H(xi) = sup hols
(X

,
X-
,
X))EA(+ / SEGL-t

Our algorithm : Entropic Tensor Sealing

tr := (M , (+ k)-M(tem, (tx)-) + y
Thm

. (Dogan - S-Walter) Folto) - holty) = Elk "
.

Constant in C( : ) is poly/input size).

· First efficient algorithm for quantum functional computationn

· When 030
,
then Mittal-I: if (A/na

,

/
, 1/m)EA(t)

~ New algorithm for-Bensonscaling problem



Quantum functional : examples
0 : (1/

,
1
,
1/)

tra : = (M , (tk)-Multi o M, (tk)-*) ti computes Eoltol
.

· to : = W = e, 2, 2 + 20202 , + 2, 212 ,

=> Mn = Mc =Ma =(i)
=> t = 1/3)-" . (2) Pk)

"
WCW

,

W is a fixed point

=> Eo(W) =H(, )
.

· GHz = e ,e ,02 + 2022 +22 = Mi =M =My = 1/2
,

=> Eo(GHz) =H(1 , 1/2) Centropy is maximized at uniform/

FOLGHE/ > FOLW) E GHZW



More general convex optimization over Alt)

minimize S(X., x2 . Xy)
,

(X2 , Xy, Xy) @ A(t)

S :R xIR" x IRh -RV ja% is

& lower-semicontinuous
,
convex

E · S(PeXc . P2X2
, PsXs) = S(X1 . Xc, X3) (Pi : permutation)

=> & : Herm(nx Hern(na/xHerm(n)+ 1 U107

E (Ye
,

%2
. Yg) : = S(X(% ), X(Yy, d(Y1) is naturally defined.

Quantum functional case :

5 (X , Xn . Xs) = - 50: H(Xi)



General descent algorithm
minimize

↳
(E (% Yu

. Ys1 : = S(X(Y),X(, X (2))
,

770 : Step size)

& natur functional case :

& (x ,, XyX)) = - E HW
,
E(Y, Y) = - 50 : H(Y: /

↑ ↑

Sharon entropy von Neumann entropy

e
- 26: (M)

= e
- yPi([ + 1ogMi)

= zoust . U :
-70 :

~ Entropic tensor scaling formula .



General descent algorithm
minimize

Dee
(E (% Yu

. Ys1 : = S(X(Y),X(, X (2))
,

770 : Step size)L
Thm [Dogan - S-Walter]

If S is L-smorth (i . e.&(2)
.

then by taking 7 = 1/22generally, 1/492 for d-tensors),

& (Mc(tul , M2(tal
,
Maltal) - (Opt). 0(k poly(impul



Another application : G stable rank

For<M>, rK & (t) : G-stable rank [Docksen' 221

#xe1l
.
* la

.

Shirai 257

This corresponds to S(XX, x) =/, lo .

⑳ S is not smooth.

us use smooth approx /pla = Gloge1
:/2

- - can be computed up to any

predetermined error.



Minimax Formula P
Pr

Supportpolyte 11
& (t) := 12 (0 .2 0 .8

& (P2, pp3) : marginal of prob. dist . P/Pijk > o => tijk + 07

For the present minimization problem (S : 1. S. :. zourex, symmetrich ,

Thm (S - Dogan-Walter]
min & (X1,X2 , Xy) = max he in 5 (p1 , p2, 13)

(X+, Xz
,
Xy/EASt) SEGL-t (P% (c,Ps/Ec(s)

=> Characterized by zero/non-zero patterns
obtainable by GL action



Support functional
min & (X1,X2 , Xy) = max he in 5 (p1 , p2, 13)

(X+, Xz
,
Xy/EASt) SEGL-t (P% (c,Ps/Ec(s)

In quantum functional case : S(X ,XX1) = - 0 : Hix

Previously known :

· (LHS) = - log Folt
↑ Quantum functional

· (RHS) = - log 30t/
↑ Support functional (Strassen'80s]

We now have : Folt = YO(t) (V7 : complex tensor)

#istory : Strassen conjectured that 30 is a spectral point,

but he could not prove it. Only Fo 30 has been known,

We solved his 235-year-old conjecture by Fo = 30



Summary
min S(Xx

,
Xc
, X3)Target problem : (x..x2

,
*3) A(t)

5. I. s. c
., convex, symmetric in each argument .

Captures · Quantum functional (So-entropy

· G-stable rank IS-Il - llc)

· Computable by a simple descent algorithm
· Characterized by non-zero patterns on GL-orbit

Math behind : geodesically convex optimization ,

generalized gradient flow [Hirai'25) (not explained today)


