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Unbounded Convex Optimization 2/28
Usual Convex Optimization Unbounded Convex Optimization

Convergence Divergence
Meaningful! Meaningless?

Goal: To understand and make use of such diverging sequences
Background: The objective function can be unbounded in:
e Geometric programming
* Matrix scaling
* Operator scaling
¢ Non-commutative optimization [Biirgisser et al., FOCS'19], (cf. Geometric Invariant Theory)



Unbounded Convex Optimization: Precisely

inf IVf(x)]| >0 case: inf IVf(x)]| =0 case:

eg,e’—x eg., —logz

log (e7® + %) -Vz

We treat ir%f [Vf(z)| >0 case

* In non-commutative optimization, inf [Vf(z)| >0 <= inf f(z) = -0
xr T

* In general, inf IVf(z)|>0 = iI%ff(.’L‘) = —00
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Gradient Descent (GD) for Unbounded Convex Function
— Converges to a Specific Point at Infinity

Main Theorem

M': Hadamard manifold
f: M — R, convex, L-smooth, inj\g[ IVf(z)| >0

in cone topology

lim |V£(20)] = inf |94(2)] = sup (&) = ~f~ (lim 1)
71— 00 XE é'eMoo 1—>00

Tis1 = exp,, (-V f(zi)/L)

* New even in M = R? case
¢ Application: Geometric Invariant Theory
* 1; — £*: destabilizing 1-PSG
® |eft-right action: GD limit of operator scaling
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Hadamard manifold M
Riemannian manifold s.t.
e complete
e simply- ted
simply-connecte } CAT(0)

e sectional curvature <0
Examples: R™ (Euclidean sp.), H™ (hyperbolic sp.), P, (next slide)

Exponential map tu
“ . . . " T
exp, (tu) := “point at distance ¢ along geodesic toward u 7’<("5/%
tu

(teR,ueS,={veT,||v|=1}) o

» Unique geodesic between Vz,y e M
* Yy # x is uniquely represented as y = exp, (tu) (t € Rog,u € S;)



Set of Positive Definite Hermitian Matrices 7/28

P,: The set of n x n positive definite Hermitian matrices

Usual distance (i.e. Frobenius norm, PD cone) — not Hadamard (not complete)

P, is Hadamard with the following metric:

d(X, X +6H) = | X VP6HX 2|

* Any unit-speed geodesic: v(t) = getf’gt (g € GL,, H: Hermitian, |H|r =1)

* d(X,Y) = [log (X~1/2Y X71/?)|

¢ Natural metric in the viewpoint of symmetric space (e.g., [Bridson and Haefliger,
1999])



Geodesically Convex Optimization

Geodesic Convexity
M : Hadamard manifold

f:M - R is convex / L-smooth
<= foxy:R—>Risconvex / L-smooth (v: any geodesic)
= Vf(2)20 / |V*flop<L (VzeM)
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Gradient descent
Tiv1 = exp,, (—hV f(2;)) (h > 0 : step-size)

e L-smooth = h:=1/L (or less)

cf. 3 optimum = z; - optimum (e.g. [Zhang and Sra, COLT'16])




Boundary—Points at Infinity (See e.g. [Sakai, 1996]) 9/28

Fix zo € M Boundary

Cone topology: visual compactification M u M

* VzeM : x=exp, (tu) (Fu € Sy, t € RY)
° V&e M>: £ = exp, (cou) (3ueS,,)

= M = Sy (= {v e Toy | 0] = 1})
* Independent of z,




Recession Function: A Tool for Unboundedness 10/,
f:M - R: convex

Recession function [Kapovich, Leeb, and Millson, 2009; Hirai, 2024]

o f(eXPxo (tug)) - f(=o) ( Sio ~ M )

7€) = li : .

u < &

Independent of g =— f~: M> > Ru{oo}

Well-known in Euclidean convex analysis (e.g. [Rockafellar, 1970])
Obs: El}\l/ffm o) <0 = 1nf f(m) =—
Prop: o 1nf f2(é) <0 = 1nf IVf(z)|>0

o ~£mf o) <0 = EI' &* = argmin f*° [Kapovich, Leeb, and Millson, 2009]
EeM

&* is “The direction in which f decreases most rapidly”
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inf [77(2)] >0

Lemma (Weak duality)

inf |V f(2)[ 2 sup —f*(¢)
e EeM >

Proof: Vx e M,£ e M,

[ (exp,(tue)) - f(z)
t

f=(§) = lim
s tim TP “J() _ 1060y u) s |9 (a)]

t—0 t
( Sx o )
Ug <~ f

» Strong duality (equality)? — Achieved at the limit of GD!
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M: Hadamard manifold, f: M — R: convex, L-smooth
(z;): gradient descent, step-size < 1/L

Theorem [Hirai and Sakabe, FOCS'24]
f nf 195(2)] >0,
e inf |Vf(z)|| = sup —f><(§) (strong duality)
xeM geMoo

® x; > & in cone top. (£*: minimizer of )
equivalent to: convergence of direction

|V£(@)] > inf |75 (z)]|
e lm V@)l = inf VS @) = sup ~f~(€) =1~ (lim )
1—>00 qiE EEMoo 1—> 00

Proof — appendix
Similar properties hold for gradient flow (continuous limit)
— Generalization to symmetric spaces with Finsler metric [Hirai, 2025]
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Our result is new even in M = R? case:

Theorem (Euclidean case)
f:R¢ > R: convex, L-smooth, ir]gi IVf(z)| >0
Tiv1 =z~ Vf(z:)/L

Gradient vector converges to the minimum norm point in V f(R?):

lim V f(z;) = argmin | p|
e peVf(RY)

Remark:

Strong duality is obtained by f~(u) = sup (u,p) (e.g. [Rockafellar, 1970])
peV f(R4)
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* GD limit = Destabilizing 1-PSG in Geometric Invariant Theory

o0
M g*:> etH

destabilizing

* GD Limit of Unscalable Operator Scaling: Simultaneous Block-Triangular

aiAkTZ-T =
(for all k)
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Matrix scaling problem [Sinkhorn, 1964]

Input: AcRZ%"
Find: Positive diagonal R,C s.t. RAC is doubly stochastic:

[(RAC)1-1| <e, [(RAC)'1-1|<e

Applications:
Markov chain, computational linear algebra, optimal transport + entropy regularization, ...

Algorithm: Sinkhorn iteration

Repeat:
1. Update R s.t. (RAC)1 =1 (row scaling)
2. Update C's.t. (RAC)™1 =1 (column scaling)
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Thm. Scalability [Knopp and Sinkhorn, 1967]

Ve >0, 3R,C s.t. [(RAC)1-1|<¢,|(RAC)'1-1|<e
<= A has no Hall blocker:

permutation P,Q s.t. PAQ = 1X|+]|Y]|2n+1
X

Unscalable case:
Sinkhorn iteration can find a Hall blocker [Hayashi, Hirai, and Sakabe, 2022+]
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Operator scaling problem [Gurvits, 2004]

Input: A:=(Ay,...,Ay) e CNn)
Find: g,h € GL, s.t. gAh' is doubly stochastic:

<€,
F

<€ (I : identity)

F

N
1;1 gAhThALgt - T

N
Z hA};ngAkhT -1
k=1

Related to:

* noncommutative Edmonds’ problem [Garg, Gurvits, Oliveira, and Wigderson, FOCS'16;
Ivanyos, Qiao, and Subrahmanyam, 2017]

® Brascamp-Lieb inequality [Garg, Gurvits, Oliveira, and Wigderson, STOC'17]

Scalability problem: Special case of null cone membership problem in GIT




Null Cone Membership Problem 19/78

G < GL,(C): reductive algebraic group
m:G — GL(V'): rational representation (V: finite dim.)
veV: given
Null cone membership problem
Determine whether 0 € 7(G)v
e 0¢ m(G)v < stable

* 0enm(G)v < p(v) =0 (Vp: homogeneous invariant polynomial)
(Hilbert-Mumford, e.g. [Derksen and Kemper, 2015])

Appears in computational algebra, quantum information, statistics, functional
analysis, etc... [Biirgisser et al., FOCS'19]

Unsolved: polynomial time?




Previous Researches: Threshold Approach 20/28

Noncommutative Optimization [Biirgisser et al., FOCS'19]
minimize  F,(z) =log(v,7(z)v) = 2log |7 (g)v| (z=gTge P,nG)

e F,: Convex on Hadamard manifold P, n G (Kempf—Ness function)

. ingv(ac) >-00 <= 0¢7(G)v

In some actions, inf Fy,(z) > —co == inf F,,(z) > C (threshold)

Optimization algorithms:
* Gradient descent [Biirgisser et al., FOCS'19]
* Box constrained Newton's method [Biirgisser et al., FOCS'19]
® |nterior-point method [Hirai, Nieuwboer, and Walter, FOCS'23]

K ¢ G: maximum compact subgroup of G
K\G ~ P, nG: quotient set

P,,: n xn positive definite Hermitian matrices
(e,0),]| o : invariant under K



Our Target: Unstable Case 21/28

Thm. Unstability (Kempf-Ness, Hilbert—Mumford) (e.g. [Georgoulas, Robbin, and Salamon, 2021])
The followings are equivalent:

(a) iI%fFv(a:) =-00 (<= 0en(G)v)

(b) inf [VE,(z)] >0

(c) 31-PSGt e st. lim (e")v = 0 (destabilizing 1-PSG)

v

Q: Given an unstable input, can we find a destabilizing 1-PSG (in polynomial time)?

Known: Left-right action case (operator scaling case) — Yes (later)
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Q: Given an unstable input, can we find a destabilizing 1-PSG (in polynomial time)?

Fact: etH with £* = lim e'f: destabilizing 1-PSG M
Our result: GD I|m|t = destabilizing 1-PSG
© Conceptually new approach

® Finite iterations of GD # destabilizing 1-PSG
= We need GD + rounding

£:>e

destabilizing

Unknwon: rounding in general?
complexity?

Known: rounding in left-right action case [Franks, Soma, and Goemans, SODA'23]
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Left-l'ight action [Garg, Gurvits, Oliveira, and Wigderson, FOCS'16]
G=SL,xSL,

V= (CN(nxn)

A= (Ay,...,AN) eV

7(g,h)A=gAht = (gAihf,...,gANRT): left-right action

(un)scalable in operator scaling < (un)stable in left-right action

c.f. Left-right torus action

T, ={g € SL, | g: diagonal}
G=T,xT,

V = Crxn

m(g,h)A = gAht

(un)scalable in matrix scaling <= (un)stable in left-right torus action



Operator Scaling as Convex Optimization 24 /28

N
Kempf-Ness function: F4(z,y) =log > tr xAkyAL (z,ye P,nSL,)
k=1

Stationary condition of F)y <= gAh' is doubly-stochastic (g = \/z,h = /y):

N
S gAhthAlgT - T

VE (z,y) = k;l (under appropriate normalization)
Z hA};ngAkhT -1
k=1

Algorithms (stable case):
e operator Sinkhorn [Gurvits, 2004]
e gradient descent [Kwok, Lau, and Ramachandran, FOCS'19]

Open problem: Operator Sinkhorn limit in unscalable case [Garg and Oliveira, 2018]

Our result: GD limit = simultaneous block-triangular form‘




Unstability Certificate: Vanishing Subspace

Destabilizing 1-PSG ~ Vanishing subspace:

UA,V = U,V: unitary
(for all k) x dim X +dimY >n+1

Y

Algorithms to find vanishing subspaces:
* Wong sequence [lvanyos, Qiao, and Subrahmanyam, 2018]
* modified Sinkhorn iteration [Franks, Soma, and Goemans, SODA’23]
® submodular optimization [Hamada and Hirai, 2021]
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Gradient Descent Limit for Operator Scaling 26/

Theorem [Hirai and Sakabe, FOCS'24]
{(zi,y:)}:: GD, step-size < 1/2
{xi = o] diag p'o; (p' : nondecreasing)

aiAkTiT =
(for all k)

y; = 7] diag ¢'7; (¢ : nonincreasing)

0,

0. At] - simultaneous block-triangular

* maximal zero-block = maximal vanishing subspace

* vector-space generalization of Dulmage—Mendelsohn decomposition
[Dulmage and Mendelsohn, 1958]

e divided subspaces = special case of Harder—Narasimhan filtration
of quiver representation [lwamasa, Oki, and Soma, 2024]
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Summary 28/28

e Gradient descent for unbounded convex function on Hadamard manifold

® Strong duality is achieved at the limit of GD
* Convergence to the minimizer of recession function (at infinity)

e Application: Geometric invariant theory

® Gradient descent limit = destabilizing 1-PSG
* Operator scaling (left-right action): simultaneous block-triangular form

e Future works

* Convergence rates
® Rounding in general

Message: Unbounded convex optimization is also a meaningful problem!
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