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M : Hadamard Sk
f: M —=RPO/L-Fif — FEORBMIEEICHIRL - 1 ZHEBH T/ L-F8

RRaRETE u T
Tip1 = exp,, (—hV f(zi)) (exp, : IEHEHR, h>0) %
* [-¥B = RTVTMEh:=1/L(XTF) exp,, (u)

® Fact: 3 REfE — z; — &M (e.g. [Boumal 2023))
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IEA=T:Y
OB f ATICHEERA L E (e inf f = —00), BRBTEDIRZEVIZ?

iam -
o Gf/ L LDINEKR
o z; BRA TV EIREDHRDHFHA DT (HEAIAE - BREIE)
PY:: I
e 75| Z/r—1) >4 ([Hayashi, Hirai, and Sakabe, to appear])
o ERRRT— 2T (AER)
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Cartan—-Hadamard DEIE : exp, : T, (I&ZM) — M |35 FEHE

Definition (211748 (e.g. [Sakai 1996]))
M2T, 2RI BEER  (F4R)
MIZIER M>™ ZfHMATAYNT My MU M™ = BiER
Mm
BRI
S ={u €Tz | |ul =1}
* M DRy = exp,(d(y,z)u) (u € Sy): BMEEIZRT
® M>® DM & = exp,(oou) (u € S;): A u - BEEgfcoD 1
— BHBFER t — exp,(tu) EE—1]
= 5, = M>® %#[RF—R
¥z QED HICRS L

e M*™
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M f M >R
Definition (#£ERBI%% [Kapovich, Leeb, and Millson 2009])
HBRIS 1 M>® - RU {o0} &5

f2(6) = lim ;

t—o0
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o ¢ AMICERISEATZEETOD f DIEMSR)
° iRz DD FICHKEFEE T M>™ LTER

Obs: infeepro f(§) <0 = infienm f(z) = —00

o (&%) = infeepo f° DME—TFTE [Kapovich, Leeb, and Millson 2009]
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f: Hadamard Z#k{&_ED L-F8 ML
infeepreo f(€) <0 (<= infrenm [[VF(2)] > 0)
{z;} : REBTE(XRTYTRAh=1/L) IC& B =7

Theorem (A 2E)

& = argmin f*

e
° Vi@l = infoen |V f(2)]

° ;= & (EMUMETOINR)

FUHURRIL ¢
lim [[Vf(z))|| = inf V()] = sup —f=(§) = —f> (.lim w)
1—00 fAS] €€M°° 1—>00
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EBRZR R 7 —1) >R [Gurvits 2004]
Ajj N ﬂE@ nxn ﬁ§'] A= {Ak}kzl,g ..... N
HH : ERTE) g,h T, UTEHLTHOD !

N
> gArhthAlgt — 1
k=1

=0
F

N
Z hA;LngAkhT -1
k=1

—0 (I $8uiTH)
F

e JET# Edmonds RRE ([lvanyos, Qiao, and Subrahmanyam 2017]) & B&
o BEIE L/ ILLRIMED—HI (cf. Invariant theory (e.g. [Derksen and Kemper 2015]))
® g, h ZXATIICHIR — THRT—V > JHE

Definition
\
{Ap} B 2T —)LTTHE <= EBD e >0ICHL, ERD |- |p <e EBLITR g, h HEE
° 1=ZUTIICE ST g Ug h s VR EEHLTH |- |p BFE
— [EEETH X = gg,Y = hth LOBBEEHEES
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N
1 1
minimizex yep, Fa(X,Y) = log (trZXAkYA;) — —logdet X — —logdetY
el n n

o R VxFa(X,Y)=1 (2§j=1 VX ALY ALVX — 1) (Vy Fa HEK)
> ERRRT— UV IRBEIE, Fa DEER%ZRDZHEE
O Fs 13, FICHEBEREEDES
Proposition ([Gurvits 2004])
ADRT—ILETRE <= inf F4(X,Y) > —c0

BEMZRT7ILTY) X L {EBZE Sinkhorn 7)L31) X L ([Gurvits 2004)) :
X oR#Ets ¢ Y Rt #XRERE

ez L, R —ILAAEE% & T OEnEEHIIKRARA[Garg and Oliveira 2018]

- | FHE | BEMTAZAVIBA O % MR |

— —fi%{t Dulmage—Mendelsohn 73 f&IC &K 28D %1587

FATFI R — 1) > J TIFEFEDOERIABERNICFE U [Hayashi, Hirai, and Sakabe, to appear]
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Definition (H#ZER)
X CCY C O ilimzeRg &L tT Ay =0 (Ve e X,Vy €Y,Vk=1,2,...,N)
— XY ZE8CERETAZRELILCE,
X,Y LB EN3 A,OBHEATAT 0]

2
[
b
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(dim X,dimY') DMRAIC7 2 ERZEM (X,Y) 7e5I1EED 2 53 [Hamada and Hirai 2017]
A (C",{0}) = (Xo,Y0) > -+ > (Xp,Yp) = ({0},C") ZL > TERERT B
- Ay,..., Ay IZEKETOY 2 =M1t (—#i%{t Duimage-Mendelsohn 43fi#)

:dimX
oo
o o] o
‘ Ay = olol oo
olo| olo| |o
(dim X,dimY") DX 5T B —ARML DM DR

® EE D DM 43f# [Dulmage and Mendelsohn 1958] (&, #& 45° S9N A5 E|
* N=2(17522) D& E, Kronecker Z=#EHZ [Gantmacher 1959] ICXI& (ARERFR)



REMFETEDERIER: 1/2 10/14
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Theorem 1 (ZHfZT)

(o1 A/ z}k IZEE/ZERT, —AR ML DM SBRICHS L 7= 70y 2 /BTl

2 =2 ) RfEZBRVTUNER
< BYIHRU;,V; I2&D {UixlwAkyil/zViT}k I

o & (F B/IMLTT) O DM HHRIC & BT &,
lim; o0 ||V f(2:)|| = infzenm [|[Vf(2)] =
Supgeproo —f(€) = —f° (limj 00 ;) ICL B

A BYRIAZZVTHOEEHNHEL W
SHEZRICED Y, o Py ZEEESRTLZEL (j
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Theorem 2 (AHf3E)

EBEDHE x; = ag exp(diag p*)o; (FZIB), y; = TZ.T exp(diag ¢*)7; (FIB)
= {JiAkTZ}k &, BV—HR{E DM HRICINE (AZINER)

o (B T/ (ITH) MEFELUVWATOVIEFLH B
— fHL—#%{t DM 531&

o 1, & X Fp DRDERITICES ———-

o {RAZZERE D roundmg[Franks Soma, and Goemans

2023] HFIFIFTEET 5 0

— JEA]#: Edmonds F'EJ BICBEY B certificate
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o SEDFE
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e {EF Sinkhorn 7L U X LTI ?
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e KHOWEDFHM : LUV b+
"Gradient descent for unbounded convex functions on Hadamard manifolds and its
applications to scaling problems.” (arXiv:2404.09746)
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